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UNIFORMLY LEVI DEGENERATE CR 
MANIFOLDS; THE 5 DIMENSIONAL CASE 

&\ 

>v 

c3 ; Peter Ebenfelt 1 

S: 

Abstract. In this paper, we consider real hypersurfaces M in C 3 (or more gener- 
ally, 5-dimensional CR manifolds of hypersurface type) at uniformly Levi degenerate 
points, i.e. Levi degenerate points such that the rank of the Levi form is constant in 
' a neighborhood. We also require the hypersurface to satisfy a certain second order 

nondegeneracy condition (called 2-nondegeneracy) at the point. For a real-analytic 
everywhere Levi degenerate hypersurface M in C 3 which is not locally equivalent to 
a hypersurface of the form M x C, such points are dense on M. 

Our first result is the construction, near any point po G M satisfying the above 
conditions, of a principal bundle P — > M and a M dlmP -valued 1-form uj, uniquely 
determined by the CR structure on M, which defines an absolute parallelism on P and 
has the following property: Let M and M' be two real-analytic hypersurfaces in C 3 
■ with distinguished points po G M, p' G M' and parallelized principal bundles P, lo, 

£C} , P' , u/, respectively. Then there exists a local biholomorphism h: (C 3 ,po) — * {^iPo) 

^>0 with H(M) C M' if and only if there exists a real-analytic diffeomorphism H : P — > 

P' with H*lo' = uj. (if is then the lift of h, i.e. k' o H = n o h where tx and tt' denote 
the projections n: P — > M, tt' ■ P' — > M'). This solves the biholomorphic equivalence 
problem for uniformly Levi degenerate hypersurfaces in C 3 at 2-nondegenerate points 
Q\ • in view of Cartan's solution of the equivalence problem for absolute parallelisms. 

A basic example of a hypersurface of the type under consideration is the tube 
Tc over the light cone. Our second result is the characterization of by vanishing 

S curvature conditions in the spirit of the characterization of the unit sphere as the 
flat model for strongly pseudoconvex hypersurfaces in C n+1 in terms of the Cartan- 
, Chern-Moser connection. 

X 

0. Introduction 

0.1. A brief history. A fundamental problem in the study of real submani- 
folds in complex space is the biholomorphic equivalence problem which in its most 
general form asks for (intrinsic) conditions on two submanifolds M, M' C at 
distinguished points po G M, p' Q G M' which guarantee that there exists a lo- 
cal biholomorphism H : C N — > C N defined near po such that H(po) = p' Q and 
H(M R U) = M' R U', for some open neighborhoods U, U' C C N of po and p' Q 
respectively. When M and M' are real-analytic, an equivalent formulation is to ask 
for a real-analytic local CR diffeomorphism / : M — > M' defined near po G M with 
f(Po) = Po- (For standard definitions and results on real submanifolds in complex 
space and abstract CR structures, the reader is referred e.g. to [BER]). 
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The case where M and M' are real-analytic and Levi nondegenerate hypersur- 
faces was solved by Cartan [Cl-2] in C 2 , and by Tanaka [TT-2] and Chern-Moser 
[CM] in C^, N > 2. The solution consists of producing a fiber bundle Y — > M, for 
any given Levi nondegenerate hypersurface M C C^, and 1-form u on Y, valued 
in M dimr , which at every y e Y gives an isomorphism between T y Y and R dim ^ 
(an absolute parallelism or {l}-structure on Y; see e.g. [KN] or [K]) such that the 
following holds. If there exists a CR diffeomorphism /: M — > M', then there exists 
a diffeomorphism F : Y — > Y' (where corresponding objects for M' are denoted 
with ') such that F*u/_ = w and the following diagram commutes 



(0.1.1) 



Y 



Y' 



M 



-> M'. 



Conversely, if there exists a diffeomorphism F: Y — > Y' such that F*u/_ = uj_, 
then there exists a CR diffeomorphism /: M — > M' such that (0.1.1) commutes. 
Suppose that such a bundle Y — > M and IR dimy -valued 1-form a; can be constructed 
for every M in some given class of manifolds. Then we shall say that the bundle 
Y — > M with 1-form a; reduces the CR structure on M to a parallelism (in this 
class). The construction of a bundle Y — > M which reduces the CR structure on 
M to a parallelism for a class of CR submanifolds in reduces the biholomorphic 
equivalence problem for the real-analytic manifolds in this class to the equivalence 
problem for {l}-structures. The latter problem was solved by Cartan, and is well 
understood (see e.g. [G] or [S]). 

The bundle Y — > M constructed in [CM] is in fact a principal fiber bundle with 
group Go, where Go is the isotropy subgroup of SU(p + l,q+ 1), p + q = N — 1, 
and p, q are the number of positive and negative eigenvalues, respectively, of the 
Levi form. The authors of [CM] also construct a Cartan connection IT valued in 
the Lie algebra su(p + 1, q + 1) which defines the same parallelism as uj_ (given a 
suitable identification of R dimY with su(p + 1,5-1-1)). Covariant differentiation 
of the curvature O := dU — IT A IT produces a complete set of invariants for a 
real-analytic Levi nondegenerate hypersurface. In particular, it follows that a real- 
analytic strongly pseudoconvex hypersurface in is locally biholomorphic to a 
piece of the (2iV — l)-sphere (the "standard model" for such hypersurfaces) if and 
only if the curvature O is identically zero (i.e. the connection is flat). The reader 
is also referred to the work of Burns-Shnider [BS] and Webster [We] for further 
discussion in the Levi nondegenerate case. 

More recently, CR manifolds of higher codimension whose Levi forms are suitably 
nondegenerate have been studied by several authors. Since the main focus in the 
present paper is on hypersurfaces, we mention only the papers by Cap-Schichl 
[CS], Ezhov-Isaev-Schmalz [EIS], Garrity-Mizner [GM], Schmalz-Slovak [SS], and 
refer the interested reader to these papers for further information about the higher 
codimensional case. 

In this paper, we consider real hypersurfaces (and, more generally, CR manifolds 
of hypersurface type) which have degenerate Levi forms. Before describing our main 
results, we should mention that another approach to the biholomorphic equivalence 
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were studied by the author in [E3-4] ; another class of Levi degeneracies in C 2 was 
considered by Wong [Wo]. However, at least to the best of the author's knowledge, 
the geometric approach as described above has not been previously studied for CR 
manifolds with degenerate Levi forms. The idea in this paper is to use the higher 
order invariant tensors introduced by the author in [E4] as a complement to the 
degenerate Levi form. We mostly restrict our attention to 5-dimensional manifolds 
in order to keep the number of cases and the notation to a minimum. The main 
results can be generalized to higher dimensional manifolds under Conditions 2.21 
and 2.25; see the concluding remarks in §5. 

The paper is organized as follows. Our main results are explained in §0.2. In §0.3, 
some examples of everywhere Levi degenerate hypersurfaces that arise e.g. in PDE 
theory are given. §1 is devoted to preliminary material including basic definitions 
and properties of Levi uniform CR manifolds. The necessary constructions for the 
main results are given in §2-3, and in §4 a discussion and characterization of the 
tube over the light cone is given. The paper concludes with some remarks in §5 
about the higher dimensional case. 

0.2. The main results. Our main results concern real hypersurfaces M in C 3 
or, more generally, 5-dimensional CR manifolds of hypersurface type, which are 
uniformly Levi degenerate in the sense that the Levi form has one nonzero and one 
zero eigenvalue in a neighborhood of a distinguished point po G M (Levi uniform of 
rank 1 according to Definition 1.6 below). We also require M to be 2-nondegenerate 
at po (see section 1 or [BER, Chapter XI]). The latter condition guarantees that 
if M is a real hypersurface in C 3 , then it is holomorphically nondegenerate (see 
[BER, Chapter XI]) and, in particular, not locally biholomorphic to a manifold of 
the form MxC where M is a hypersurface in C 2 . (However, M is always foliated 
by complex lines, but this foliation cannot be "straightened"; see Proposition 1.15.) 
In fact, if M is real-analytic and everywhere Levi degenerate, then at most points p 
(off a proper real-analytic subvariety) M is either locally biholomorphic toMxC 
for some M C C 2 or M is Levi uniform of rank 1 and 2-nondegenerate at p. 

The most important example (indeed, the "standard model" for such manifolds) 
is the tube in C 3 over the light cone in M 3 (see Example 1.7 and section 4 for further 
discussion) ; other examples of everywhere Levi degenerate hypersurfaces that arise 
naturally are given, for motivation, in the next section. Let us just point out that 
the biholomorphically invariant geometry of the tube Tc over the light cone in C 4 
plays an important role in e.g. axiomatic quantum field theory since Tc bounds the 
so-called past and future tubes; see e.g. Sergeev-Vladimirov [SV] and Zhou [Z] and 
the references in these papers. 

For the class of hypersurfaces described above, we define a new CR invariant k 
(see (2.34)); more generally, for (2n+l)-dimensional Levi uniform CR hypersurfaces 
of rank n — 1 which satisfy Conditions 2.21 and 2.25, we introduce a sequence of 
invariants which in the 5-dimensional case reduce to the single invariant k. One 
of our main results is the following. We refer the reader to section 1 for relevant 
definitions. 

Theorem 1. Let M be a 5-dimensional CR manifold of hypersurface type which 
is 2-nondegenerate and Levi uniform of rank 1 at po G M. Then, there exists a 
principal fiber bundle P — > M with group Gq and a 1-form u on P which defines an 

,^L^„^ T> T> 7 TTBdimP -f . ,„.„. ^- T) 7 „„,J ,„„J.U„ r~1T> 
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on M to a parallelism. The group Go is a subgroup of GL(R 3 ) which has dimension 
two if the invariant \k(po)\ = 2 and dimension one otherwise. 

Theorem 1 will be a consequence of the more detailed Theorems 3.1.37 and 3.2.9. 
We should mention that the group Go, and hence the bundle P, in Theorem 1 is 
disconnected and has two components. In order to obtain a connected bundle, we 
have to choose an "orientation" for the Levi nullspace as explained §2 (see Theorems 
3.1.37 and 3.2.9). 

As mentioned above, the most important example is the tube Tc over the light 
cone for which the invariant k = 2i. We shall now characterize Tc among all M, 
as in Theorem 1 with k = 2i, by a curvature condition in the spirit of the charac- 
terization of the sphere among strongly pseudoconvex hypersurfaces as described 
section 0.1. There is a subgroup H of GL(C 4 ) and a subgroup H of H such that 
H can be viewed as a principal fiber bundle over Tc with group H . The matrix 
valued Maurer-Cartan forms IT of H define a Cartan connection on Tc valued in 
h, the Lie algebra of H, with vanishing curvature O = dTl — IT A IT. (All this is 
explained in detail in section 4.) For a real-analytic CR manifold M as in Theorem 
1 with the invariant k = 2i, we can identify the group Go with the group Hq, and 
construct, using u, a ()-valued 1-form IT which, unfortunately, in general is not a 
Cartan connection. However, we have the following result, which is a consequence 
of the more detailed Theorem 4.31. 

Theorem 2. Let M a real- analytic CR manifold satisfying the conditions in The- 
orem 1 with k = 2%. Then there exists a i)-valued 1-form IT on the principal bundle 
P — > M , given by Theorem 1, which gives an isomorphism between T U P and F) 
for every u G P and with the following property. There exists a real-analytic CR 
diffeomorphism f : M — > Tc, defined near po G M , if and only if the curvature 

(o.2.i) n ■= du-UAU 

vanishes identically nearpo. 

We conclude this section by giving an application of Theorem 1. Let Aut(M,p ) 
denote the stability group of a CR manifold M at po G M, i.e. the group of germs 
at po of local smooth CR diffeomorphisms /: (M,po) — > (M,po). Suppose that 
M satisfies the conditions of Theorem 1 at po- Pick any point u G P Po , where 
P — > M is the principal Go bundle given by Theorem 1 and P p denotes the fiber 
over p G M. By [K, Theorem 3.2] and Theorem 1, the group Aut(M,p ) embeds 
as a closed submanifold of the fiber P po = G via the mapping 

(0.2.2) Aut(M, p ) 3 f h-> F{u) G P po , 

where F: P — > P is the lift of / as in the diagram (0.1.1). Thus, dimAut(M, p ) is 
at most 2 if the invariant |fc(po)| = 2 and at most 1 if |fc(po)| 2- We formulate 
this as follows. 

Corollary 3. Let M be a 5-dimensional CR manifold of hyper surf ace type which is 
2-nondegenerate and Levi uniform of rank 1 at po G M. Then dimAut(M,po) ^ 2. 

The bound in Corollary 3 cannot be improved, since dimAut(rcp) = 2 for any 
p G Tc as is shown in section 4. We should mention that in the recent preprint [Er], 
it was shown that the bound Aut(M, p ) < 3 holds for the class of all real-analytic 
2-nondegenerate hypersurfaces in C 3 ; observe that when M is real-analytic then, 
by the reflection principle (see [BJT]), every / G Aut(M,po) is real-analytic, since 

o j — , „„,. :™„i:„„ „„„ — j.:„ i -c • + „„ /„ — roi^o r^u„„-t — vm 
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0.3. Examples of everywhere Levi degenerate CR manifolds. Trivial ex- 
amples of real hyper surfaces in C n+1 which are everywhere Levi degenerate can 
be obtained by taking any hypersurface of the form M x C, where M is a real 
hypersurface in C n . Such hyper surfaces, as mentioned in the previous section, are 
never 2-nondegenerate and, hence, are not of interest to us in the present paper. 
We give here two (from our viewpoint) more interesting classes of everywhere Levi 
degenerate hypersurfaces in C n+1 . The reader is referred to section 1 for relevant 
definitions. 

Example 0.3.1 (Everywhere characteristic hypersurfaces). Let p(x) be a 
homogeneous polynomial of x = (xi, . . . , x n +i). A real hypersurface M C C n+1 is 
called characteristic at po G M for the partial differential operator p(d) := p(d/dZ) 
if 

(0.3.2) p(dp(po,po)/dZ)=0, 
where p(Z, Z) = is a defining equation for M near po and 
(0.3.3) d/dZ = (d/dZ u . . . , d/dZ n+1 ). 

M is called everywhere characteristic if M is characteristic at every point. Every- 
where characteristic hypersurfaces for a given operator p(d) arise as natural bound- 
aries for the holomorphic continuation of (holomorphic) solutions of p(d)u = (see 
e.g. [Ho, Chapter IX.4]). A concrete example is given by the so-called Lie ball 
defined by the equation 

1/2 



(0.3.4) \Z\ 2 + \Z l4 



n+l 
k=l 



< 1. 



The Lie ball is the maximal domain in C n+1 to which every harmonic function in 
the unit ball of can be holomorphically continued (see e.g. [A]; cf. also [El]). 
The boundary of the Lie ball is everywhere characteristic (at every smooth point) 
for the "Laplace operator" 

n+l 

(0.3.5) ^(d/dZ,) 2 . 

i=i 

Another example is the tube over the light cone (see Example 1.7) which is every- 
where characteristic for the "wave operator" 

n 

(o.3.6) ^(a/az fc ) 2 - (d/dz n+1 ) 2 . 

i=i 

We have the following. 

Proposition 0.3.7. Let M C C n+1 be a real hypersurface which is everywhere 
characteristic for a homogeneous partial differential operator p(d). Then M is 
everywhere Levi degenerate. 

Proof. Pick po e M and let p(Z, Z) = be a defining equation for M near po e M. 
We first claim that the CR vector field 

(0.3.8) L :=J2Mdp/dZ)/dx k " 



F)7, 
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is tangent to M. Indeed, since M is everywhere characteristic for p(d), we have 
(0.3.9) p(dp/dZ) = ap 

for some function a. The claim now follows from Euler's formula. By differentiating 
(0.3.9), it is straightforward (and left to the reader) to verify that L is a nullvector 
for the Levi form at every p G M near p . This proves the proposition. □ 

Example 0.3.10. Let p(x) be a homogeneous polynomial in x = (x\, . . . ,x n +i) 
with real coefficients and assume that dp/dx is not identically zero along the variety 
V R := {x G R n+1 : p(x) = 0}. Then the tube Vfc over V R in C n+1 , 

(0.3.11) V c := {Z G C n+1 : p(Re Z) = 0}, 

is a real hypersurface (outside a lower dimensional real algebraic subvariety) which 
we denote by M. The "radial" CR vector field 

n+l 

(0.3.12) L = Re Z o d / d Zj 

3 = 1 

is tangent to M, and the reader can easily verify that L is a null vector for the 
Levi form of M at every p G M. A concrete example is again the tube over the 
light cone (Example 1.7). Another example is the cubic defined by (0.3.11) with 
p(x) = x\ + x\ — x\ which was given by Freeman [F] as an example of a manifold 
foliated by complex curves but not locally biholomorphic to a manifold of the form 
MxC. 

1. Preliminaries 

Let M be a CR manifold with CR bundle V. Recall that this means that V is 
a subbundle of the compexified tangent bundle CTM such that V p H V p = {0} for 
every p e M, and V is formally integrable i.e. any commutator between sections 
of V is again a section of V; sections of V will henceforth be called CR vector 
fields. We shall denote the CR dimension of M, i.e. the (complex) dimension of 
the fibers V p for p e M, by n. We shall assume that M is of hypersurface type, 
i.e. the complex dimension of T®M := (V p © V p ) 1 ~ C CT^ M, for p G M, is one. In 
particular, the dimension of M is 2n + 1. For the remainder of this paper unless 
explicitly stated otherwise, all CR manifolds will be of hypersurface type. The 
bundle T°M C CT*M is called the characteristic bundle, and real sections of T°M 
are called characteristic forms. The subbundle T'M C CT*M, defined at p e M by 
TpM := Vp , is called the holomorphic cotangent bundle. The formal integrability 
of V is equivalent to the following property of T'M: If a; is a section of T'M, then 
dw is a section of the ideal generated by T'M in the exterior algebra of CTM. 

Let Lj, . . . , L s be a basis for the CR vector fields near some distinguished point 
Po G M. Also, let # be a nonvanishing characteristic form near the same point po- 
Following [E2] (see also [BER] and [E4]), we define linear operator 7j, . . .T n on the 
holomorphic 1-forms on M, i.e. the sections of T'M, near po as follows 
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where j denotes the usual contraction by a vector field. For p e M near p and 
positive integers k, we define the subspace Ef-, p C T'M as the (complex) linear 
span of 6 P and (T A . . . .7^6*^, for all 1 < j < k and all j-tuples (A±, . . . ,Aj) £ 
{1, . . . , n} j . We define E , p to be T°M. The CR manifold M is said to be finitely 
nondegenerate at p of 

(1.2) E k , = t;m 

for some integer k > 1, and /co-nondegenerate at p if ko is the smallest integer k 
for which (1.2) holds. It was shown in [E2] (see also [BER, Chapter XI]) that this 
definition is consistent with the one for real hypersurfaces of C n+1 given in [BHR]. 
(These notions can also be extended to CR manifolds of arbitrary codimension; see 
[BER] or [E4].) For each integer k such that Ek(p) ^ T p M, the author introduced 
in [E4] an invariant tensor 

(1.3) Vfc+i G V; ® • • • V; ® F* p ® (T p °M)*, 

where V* occurs times in (1.3) and Fk }P = fl V p . The sequence of tensors 
tp2, ■ • • > i^ko+i describes in more detail the data associated with /co-nondegeneracy. 
In this paper, we shall mainly consider certain classes of 2-nondegenerate CR man- 
ifolds and, hence, we shall only be interested in the first two tensors ip 2 and ^3. 
The reader is referred to [E4] for the precise definition of the tensors ipk and their 
basic properties. 

The second order tensor ip2 at a point pGMis given in the bases L\ pi . . . , L^, p 
of V p and P of T®M as an n x n matrix {g ab{p))i<a,b ,<m where 
(1-4) g AB (p):={(T A 0) p ,L B , p ). 

We use here, and throughout this paper, the convention that Lb = L B . The reader 
should observe that we have the identity 

(1-5) g AB (p) = ^-.{Op,[L B ,L A ] p ) , 

which coincides with the Levi form Ce of M at p and P . From this observation, 
we see that 1-nondegeneracy of M at p is equivalent to the classical notion of Levi 
nondegeneracy of M at p. Moreover, the subspace F i)P C V p coincides with the 
Levi nullspace of the Levi form, i.e. those vectors X p e V p for which the linear form 
Y p 1— > Ce(Y p , Xp) is zero. For the remainder of this paper, we shall use the notation 
yip for the Levi nullspace 

Definition 1.6. A CR manifold M of hypersurface type is 1-uniform or Levi uni- 
form (of rank r) at p G M if the rank of the Levi form is constant (and equal to r) 
in a neighborhood of p. 

Observe that the extremal cases of CR manifolds which are Levi uniform of rank 
or n at a point p are precisely those which are Levi flat or Levi nondegenerate, 
respectively, at p. Such CR manifolds which, in addition, are real-analytic are by 
now fairly well understood: a real-analytic Levi flat CR manifold is locally CR 
equivalent to the real hyperplane Im Z n +i = in C n+1 , and a theory for real- 
analytic Levi nondegenerate CR manifolds was developed by E. Cartan [Cl-2], 
Tanaka [Tl-2], and Chern-Moser [CM]. 

The reader should also observe that any real-analytic CR manifold is Levi uni- 
form outside a proper real-analytic subvariety (in particular, on a dense open sub- 
set). Before proceeding, let us pause and give an example of a Levi uniform CR 
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Example 1.7. The tube in C 3 over the light cone in IR 3 , i.e. the variety defined 
by 

(1.8) (Re Z x f + (Re Z 2 ) 2 - (Re Z 3 ) 2 = 0, 

is Levi uniform of rank 1 at every nonsingular point, i.e. at every point where 
it is a real submanifold. Thus, it is Levi uniform, but neither Levi flat nor Levi 
nondegenerate since the CR dimension n is 2. The reader can also verify that 
the CR manifold given by equation (1.8) is 2-nondegenerate at every nonsingular 
point. This example will be discussed in greater detail in §4 below. (See also 
[E3], where this example is further discussed in connection with a normal form for 
2-nondegenerate hyper surfaces in C 3 .) 

Note that if M is Levi uniform (of rank r) at po G M, then the subspaces 9T P 
for p near po form a (rank n — r) subbundle 9T of V. From now on, we assume 
that M is Levi uniform of rank r, with < r < n, in a neighborhood of po (to 
which we restrict our attention) . We may arrange our basis for the CR vector fields 
Lj, . . . , L n so that L r+ i, . . . , L n is a basis for the sections of 9T near that point. 
The second order tensor for p near p then takes the form 

(1-9) {9ab)=[% P °), 

where (gap)i<a,[3<r is an rxr nondegenerate Hermitian matrix of smooth functions. 
In what follows, we shall use the summation convention and also the convention 
that capital roman indices A,B,... run over the integers {1,... , n} and Greek 
indices a, (3, . . . run over {1, . . . , r}. The third order tensor ^3 can be represented 
near po by n x n matrices (h A § k )i< Aj B<n, k = r + 1, . . . , n, of smooth functions, 
where 

(1.10) h ABk :={T B T A e,L k ). 

Proposition 1.11. Assume that M is Levi uniform of rank r at pq. Then, in the 
notation introduced above, for every k = r + 1, . . . , n and all p in a neighborhood 
of po, it holds that h A Bk = whenever A or B belongs to {r + 1, . . . , n}. 

Proof. Using a well known identity (see e.g. [He, Chapter 1.2]; see also the remark 
concerning our normalization of the pairing (•, •) in [E4]), we have 

h A Bk ■ = (TbT a 9, L k ) = (d(T A 9),L B A L k ) 
(1.12) = L B ((T A 6,L k )) - L k ((T A 6,L s )) - (T A 6, [L s ,L k ]) 

where the last identity follows from the facts that (T A 0, L k ) = and (T A 0, L B ) = 
0. It is proved in [E4] that the matrices h ABk are symmetric, so to prove the 
proposition it suffices to show h A j k = in a neighborhood of po for k, I > r + 1, i.e. 
(T A 9, [Lj, Lk]) = in view of (1.12). To this end note, using the fact that L kjP and 
Li tP are null vectors for the Levi form at every p near po, that 



/1 1 o\ 



it a rr_ t l\ _ in rr _ rr_ r n\ 
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Thus, by also using the Jacobi identity, we obtain 

(1.14) (T A 6, [L h L k ]) = (0, [L h [L k , L A }}) + (0, [L k , [L A , L T }}) . 

The second term on the right hand side of (1.14) vanishes since [L A ,Lj\ is a CR 
vector field by the formal integrability of V and L k is a null vector field for the 
Levi form. To show that the first term also vanishes, we must show that [L kl L^\ 
is a section of V © V. This fact follows again from the fact that L k is a null vector 
field for the Levi form since the latter is equivalent to (9, [L k ,L A ]) = for every 
A = 1, . . . , n. The proof of Proposition 1.11 is complete. □ 

Let us digress briefly to note the following result which, although of no impor- 
tance for the remainder of this paper, follows from (the proof of) Proposition 1.11 
above. 

Proposition 1.15. If M C C n+1 is a real hypersurface which is Levi uniform of 
rank r < n at po G M , then M is foliated by complex manifolds of dimension n — r 
in a neighborhood of po- 

Remarks 1.16. 

(i) The following partial converse to Proposition 1.15 is easy to verify: if M is 
foliated by complex manifolds of dimension n — r then the rank of the Levi 
form at any point is < r. 

(ii) We should point out that the foliation given by Proposition 1.15, even when 
M is real-analytic, can in general not be "straightened" , i.e. it is in general 
not true that M, as in the proposition, is CR equivalent to a real hypersur- 
face of the form MxCc C n+1 , where M is a real hypersurface in C n+ r . 
Indeed, if M is CR equivalent to M x C r (which is a holomorphically degen- 
erate hypersurface; see e.g. [BER, Chapter XI]), then it cannot be finitely 
nondegenerate at any point. Thus, the foliation of the tube over the light 
cone (Example 1.7) cannot be straightened. 

Proof of Proposition 1.15. An immediate consequence of Proposition 1.11 and (1.12) 
is that, for k, I > r + 1, 

n 

(1-17) [L k M= E Wl L rn + Kl L *i), 

m=r+l 

where the a£[ and b™j- are smooth functions satisfying + b™j- = 0. Thus, by the 
Frobenius theorem, M is foliated near po by 2(n — r)-dimensional integral manifolds 
of Re L k , Im L k , k = r+1, ... , n. By the Newlander-Nirenberg theorem and (1.17), 
these manifolds are (n — r)-dimensional complex submanifolds in C n+1 . □ 

Returning to the third order tensor ip^, we observe that Proposition 1.11 shows 
that the matrices (h A § k ) representing tfj 3 are of the form 

(1-18) (W>=(V fe o)- 

We conclude this section with the following observation, whose proof is immedi- 
ate and left to the reader, characterizing 2-nondegeneracy for Levi uniform CR 
manifolds of rank r in terms of the r x r matrices (h^p k ) in (1.18). 

Proposition 1.19. Assume that M is Levi uniform of rank r at pq. Then, in the 
notation introduced above, M is 2 -nondegenerate at po if and only if the symmetric 
matrices (h„.a,Jvr\))-i^^ n<r r . k = r + 1 n. are linearlu indevendent over C. 
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2. A G-STRUCTURE FOR LEVI UNIFORM CR MANIFOLDS OF RANK n - 1 

We keep the notation from the previous section. However, from now on, we shall 
restrict ourselves to the case r = n — 1, i.e. the case where the rank of the Levi form 
near p is n — 1. Thus, we assume that M is a smooth CR manifold (of hypersurface 
type) of CR dimension n which is Levi uniform of rank n — 1 at a distinguished 
point po G M. We shall restrict our attention to a small neighborhood of p$. In 
what follows, M will denote a sufficiently small neighborhood of po- We have the 
following invariant subbundles of the cotangent bundle CT*M 

(2.1) T°M C T"M C T'M, 

where T°M and T'M were introduced in §1 and where T"M is defined by 

(2.2) T';M = {u p G T;M: {u p , L p ) = 0, VL p G K p }. 
Observe that 

(2.3) dimT p °M = 1, dimj£'M = n, dimT^M = n + 1. 

Let 9, 1 , . . . , 9 n be a basis for the holomorphic 1-forms (i.e. sections of T'M) with 
the additional properties that 9 is real and a basis for the sections of T°M and 
9,9 1 ,. . . , 6> n_1 is a basis for the sections of T"M. Any other such basis 9,9 l , . . . ,9 n 
is related to 9, 9 1 , . . . , 9 n by 



(2.4) 



where the coefficients in the (n + 1) x {n + 1) matrix in (2.4) are smooth functions 
(all complex valued, except u which is real valued); also, recall that we are using 
the summation convention, and Greek indices run over the set {1, . . . , n — 1} since 
r = 1 here. 

Observe that T^'MnTjM = T°M and V'MVjWM is a rank 2n - 1 subbundle 
of CT*M. The 1-forms 6*, 6* a , 6* a , where 6* a = 9 a as mentioned in §1, yield a coframe 
for bundle T" MUT" M . Consider the bundle Y — > M consisting of all such coframes 

( w ,cy*, w 5 r, 










(u 





(2.5) | 




i-i 


u a 






U 5 y 











where {u,u a ,u a p ) G (K\{0})xC"- 1 xGL(C"- 1 ). If we let G C GL(C 2n " 1 ) denote 
the group consisting of matrices of the form 

/ u \ 

(2.6) 5= \u a u% 1 ( tl ,« a ,^)G(l\{0})xC ,! - 1 xGL(C ,i - 1 ), 
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then Y — > M is a principal fiber bundle over M with group G; (2.5) gives a 
trivialization of Y in which (it, it", it^), or 5 given by (2.6), are (global) coordinates 
of Y. We denote by g the Lie algebra of G, i.e. the space of matrices 

v 

(2.7) T = ( v a u| |, (o./.^GKxC^xMfC"" 1 ), 

a 

where .M(C n_1 ) denotes the space of all (n — 1) x (n — 1) matrices. If we pull back 
the forms 9 A , 9 A (where capital Roman indices run over {1, . . . , n}) to Y, still 
denoting the pulled-back forms by 9, 9 A , 9 A , then (2.5) defines 1-forms to, u) a , u a on 
Y. The reader can verify that the latter 1-forms are invariantly defined on Y, i.e. 
independent of the initial choice of 6>, a , 9 a above. 
Differentiating the 1-forms u),u) a ,u) a we obtain 



(2.8) d \ u a \ = dSS' 1 A wf +Sd 






where S G G is given by (2.6). The elements of the matrix valued 1-form dSS 1 
are Maurer-Cartan forms for the Lie group G (see e.g. [G]). Let L, La, Lj denote 
a dual basis relative to 6, 9 A , 6 A . Thus, the form a basis for the CR vector 
fields, La = La, and L n spans the Levi nullbundle 9t. We shall use the notation 
introduced in §1 for the second (the Levi form) and third order tensors (relative to 
the bases chosen). Since M is Levi uniform of rank n — 1 near po, the Levi form 
(9Ab) satisfies (1.9) with r = n — 1, and the third order tensor (hABn) satisfies, by 
Proposition 1.11, h n ^ n = IiAn n = in a neighborhood of po- Moreover, the matrix 
(^a/3n) i s symmetric, (gap) is an invertible Hermitian matrix and we shall denote 
its inverse by (g af3 ) : i.e. g a f3g ai = $p- Using the formal integrability of V and the 
fact that 9 is real, we obtain 

(2.9) d9 = ig aP 9* A ^ + A 0, 

where 4> is a real 1-form. Similarly by the formal integrability, we can write 

(2.11) d9 a =r] a A 9 + r]% A 9^ + h%9 B A9 n , 

for some 1-forms rf 1 and rjg, and some matrix (h^). 
Lemma 2.12. In the notation introduced above, we have 

(2.13) hi = 0, 2ig^h^ n = h? 



Proof. Recall the operators T4 introduced in §1. Observe that, by the definition 
of T"M and the fact that L n spans 9t, the 1-forms 9 and T a 9 form a basis for the 
sections of T"M, and 7^6* = c9 for some smooth function c. Indeed, we have 



/O 1 A\ 



o0 oL0n- a 1 3a 
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for some smooth functions c 13 , as is straightforward to verify. In view of (2.14), a 
direct calculation using the definition of the third order tensor shows 

(2.15) (L B jdB^L n ) = 2ig^h sBn . 
On the other hand, a calculation using (2.11) shows 

(2.16) (L^d¥\L n )=h% 
which completes the proof. □ 

Thus, we rewrite (2.11) as follows 

(2.17) d6 a = rj a A + 7$ A 6^ + A 6> n , 2ig* a h i? p n = h%. 
In view of (2.8), we can write 

/ oj \ / A 0\ / oj \ /ij^Aw"' 

(2.18) d \uj a = A a a ^ + %u> p A 0" 

V^y \a* o A|; v^y v%^A^ 

where A, A a , A a := A Q , Ajg, A| := A^ are Maurer-Cartan forms for G modulo 

uj, uj a , cu a , 6> n , 6> n , and where ^ 5/ 3 and hp are functions on 7 = M x G satisfying the 
following 

(2.19) u-'g^ip, ST)tf*ui = g^(p, T), fc|(p, ST)4 = h v p (p, T)<, 

where S,T e G with S given by (2.6) and p E M. The last action of G in (2.19) 
can also be described using the third order tensor h a p n = g 5til h%j c li by 

(2.20) u- x KpJv,ST)tf>ul = h-^ n (p,T). 

In what follows, we shall simply denote h a p n by h^p- We shall now proceed under 
two assumptions. The first is the following. 

Condition 2.21. The matrix (g a p(po)) is definite. 

In view of the first identity in (2.19), we can make an initial choice of the 6>, 9 a 
so that the matrix (gap) is constant with g a p = S a p- Denote by G' the subgroup 
of G consisting of those matrices S, as in (2.6), for which 

(2.22) u- x g a ptf*v? v = g^, 

i.e. those for which u > and (u~ 1 / 2 u a ( 3 ) is unitary. As a consequence of E. 
Cartan's work on Lie groups (see also [S] for an elementary proof of precisely the 
following statement), the (complex) symmetric matrix (h^p) can be conjugated by 

the action Vp h- > h a pv^v„ : where (vp) is unitary, to the form 

f\j ... \ 

(2.23) D^^Ai,... ,A fi _i) := 



A 2 



V 







where Aj > A§ > . . . > A^_j > are uniquely determined by (h a p). Moreover, the 
subgroup of the unitary matrices (v ai3 ) for which 

(2-24) gap^vP = 9fi „, h & pi*vZ = h pff 

can be described explicitely (see e.g. [E4, Lemma 5.24]). Our second assumption 
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Condition 2.25. The positive numbers Xi(po), . . . , A^_j(p ) associated with the 
matrix (h^(po)), as described above, are all distinct and nonzero, i.e. 

(2.26) A I (po)>...>A^_ I (po)>0. 

Under this assumption, there is a small neighborhood of po for which Aj(p) > 
. . . > A^_j(p) > for p in that neighborhood. In view of the above and using the 
fact that h^p(p) can be changed by a scalar multiple by changing 6 n (p) by a scalar 
multiple, we see that is possible to choose the basis 6>, 6> a , 6 n so that g^p is constant, 
equal to S^p, and h^p satisfies 

(2.27) tr h a$ (p) = 1, 

for p in a neighborhood of po (which we from now on identify with M) . Here, tr 
denotes the usual trace of a matrix; thus, we have tr h a p = Aj + . . . + A^_j. It 
follows from [E4, Lemma 5.24] that the only unitary matrices (vp) = (w _1 / 2, u^) 
now satisfying (2.24) are the diagonal matrices _D n _i(ei, . . . , e n _i), where we have 
used the notation introduced in (2.23) and each ej G {—1, 1}. Let us denote by 
G[ the subgroup of G' consisting of those S, as in (2.6), where {u~ l ^ 2 u a ^) equals 
.D n _i(ei, . . . ,e n _i) with ej G {—1,1}. Observe that the covectors u) a (po) define 
an ordered set of linear forms on V po , each of which is invariantly defined up to 
multiplication by ±-u -1 / 2 under the action of the group G[ in (2.5) . We shall refer 
to a choice of each of these linear forms (up to multiplication by a positive real 
number) as a choice of orientation for the normalized CR structure at pq. Thus, 
given such a choice of orientation, the only matrices S G G[ which preserve this 
orientation are the ones for which (-u _1//2 -u a/3 ) equals the identity. In what follows, 
we shall assume that such a choice of orientation has been made. Let us also remark 
that if n = 2, then there is only one linear form w 1 (po) and its annihilator coincides 
with the Levi nullspace 9t Po . Hence, in this case, normalizing the second and third 
order tensor g^p, h^p as above determines, up to multiplication by a nonzero real 
number, a linear form defining the Levi nullspace 9t Po . A choice of orientation for 
the normalized CR structure at po determines the sign of this real number. For this 
reason we shall refer to a choice of orientation for the normalized CR structure in 
the case n = 2 as a choice of orientation for the Levi nullspace. 

We denote by G\ the subgroup of G\ C G' consisting of those S, as in (2.6), 
where (-u _1 / 2 -u a ^) equals the identity. It is easy to compute the Lie algebra 0i of 
G\. We have T G gi if and only if 

(2v \ 

(2.28) T= lv a v5% , (v,v a ) G Rx C n_1 . 

\w* o v<$! / 

Also, denote by Y\ C Y the principal bundle over M with group G\ consisting of 
those (uj, uj a , uj a ) T for which g^p and in the structure equation (2.18) satisfy 

(2-29) gap(p, S) = 8a(3, h a p = XpS^p, 

i.e. Yi = M x Gi G M x G = Y where the trivializations are the ones obtained by 

„i „; — , -t-U„ u„„;„ a act an „„ j„„ — ;u„j „;„t,j- u„-f /o o'7^ :„ „„ii„j „ J — 
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uj a 


H 


















H 









of Y 2 (cf. e.g. [S, Chapter VII]). In what follows, we shall, in order to make the 
formulas more invariant, continue to use the notation g a p, h^p rather than the 
special form (2.29). 

Taking the pullbacks of all the forms uj, u a , u a , 9 n , 9 n , A, A a , to Yi, we see 
from formula (2.8) (with S G G\ now) that, pulled back to Yi, the matrix 



A a A^ 
A| 

is valued in Qi modulo (uj, uj a , uj a , 6 n , 9 n ), i.e. 

(2.30) A£ = A| = ^Atfjg mod (uj , u a , uj & , 6 n , 6™) . 
Let us therefore rewrite (2.18) as follows 

Wp,v^ A uj u ' 

+ A 6> n + g^c^ A/ + r$u) v A6 n + s*6 n A uj 1 

\ A 0" + Aw^ + r^u;* A e n + §^6 n A , 

where, by a slight abuse of notation, all the forms in (2.31) denote the pulled back 
forms on Yi; we require the to be skew symmetric in v, f3. The 1-form A is 
uniquely determined by the form of the structure equation (2.31) up to transfor- 
mations 

(2.32) A = A + auj, 

where a is a smooth function on Y\\ i.e. replacing A by A given by (2.32) preserves 

(2.31) and this is the only transformation preserving (2.31), as is easily verified (cf. 
also [G, Lecture 3]). In fact, a direct calculation shows that 

A = u~ l du + %gp iV u~ 1 l 2 (u il uj v — u v uj^) + 4> mod uj. 

where <p is the pullback of a real 1-form on M . The 1-form 9 n on Y\ is determined 
by the condition tr h a p = 1 up to transformations 

(2.33) e n = 9 n + cpu p + cuj, 

where c,cp are smooth functions on Y\. The 1-forms A Q are determined modulo 
uj, uj v , uj^, 6 n , 9 n . The precise form of the indeterminacy in A" is not important at 
this point. 

By using the integrability of V and the fact that tr h^p is constant on the fibers 
Yi — > M, we deduce that we can write 

d0 n = d6 n + dcp A uj p + cpdu 13 + dcAu + cduj 

(2.34) 

a , . i „ a , Jj i ;„ . .u a an , r, on A nn 



UNIFORMLY LEVI DEGENERATE CR MANIFOLDS 



15 



where rj and rjp are 1-forms (depending also on cp and c), 
(2.35) kp = kp + c u h^ — c^k, 

and are smooth functions on Y\. Moreover, k is constant on the fibers Y\ — > 

M, whereas fc M (p,5T) = u^^k^T) for S,T e d and 5 of the form (2.6). 
The reader can easily verify that the function k is also uniquely determined, i.e. 
independent of the choice of A, A", 9 n . It is also easy to check that the functions 
f", in (2.31) are uniquely determined, and that they are constant on the fibers 
Y\ — > M. Hence, k(p), r"(p), s"(p) are invariants of the CR structure on M at 
p G M. However, they are not independent as the following proposition shows. 

Proposition 2.36. We have the following identities 



(2-37) g m sl = g^ v f% = g^rf,, 

and 

(2.38) fc = tr (haj£ + htff£) . 

\ / a/3 

Proof. Observe that the second identity in (2.37) follows directly from the fact that 
({jap) is Hermitian. Differentiating the first row in the structure equation (2.31), 
using the facts that d 2 uj = and gap is constant on Yi, we obtain 

(2.39) = (IAAu-AA(lw + igp,u(du n A/-w p A doo u ). 
Applying equation (2.31) again, we obtain 

(2.40) = (dA + ig^(A u Aw^-A^A u v )) A u 

+ i (gp v ^ - kA) n A A u" - ig pv (h^e n A^A/ + h$6 n A/A u*). 

The first identity in (2.37) follows immediately from (2.40). To prove (2.38), we 
differentiate the formula for du a given by (2.31). We obtain 

(2.41) = dA a Aw - A a A duj + \- (dA A u a — A A dw a ) + di? v A u n A u u + 

% v {dw* A/-/A dw v ) + d%l A u» A 6 n + %l(du n A9 n -u fi A d9 n ) + 
dr*Au v A6 n + f*(du v A6 n -u v AdO^+dsZAO™ Aw" + ^(# Au u -0 n Adw u ). 

Let us write dh% = ep n modulo u,u v \u>* \9 n . If we substitute (2.31) and (2.35) 
in (2.41) and collect the A 9 n A # n -terms, we obtain 

(2.42) kh% = hffi + s«hl - e%. 

Multiplying (2.42) by 2igp a , summing over a, and using (2.37), we obtain 
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The identity (2.38) now follows by taking the trace of (2.43) and using the fact that 
tr h^p = 1. (In particular, tr ^ a e^ = 0.) □ 

For future reference, let us remark that the functions t^ v in (2.31) depend on 
the choice of 9 n . For a fixed such choice, the functions ij?„ satisfy the following on 
Y 1 

(2.44) f*,(p, ST) = tJk^l + ig-^p)^ + ih pi (p)-8^ 

~\J XL XL £ XL 

where S,T e G\ and £ is given by (2.6). Let us also observe that replacing 9 n by 
# n , as given by (2.33), the change by 

(2-45) i^^t^-ihfa + s^). 

3. The 5 dimensional case 

We now restrict our attention to the case n = 2. The conditions 2.21 and 2.25 
reduce to requiring that M is Levi uniform of rank one and 2-nondegenerate at 
Pq. Moreover, we have fixed an orientation of the Levi nullspace 9T Po , as explained 
in section 2, in order to distinguish a component Yi of the disconnected bundle 
Y[. Our aim is to define a uniquely determined submanifold Y 2 C Yi which can 
be viewed as a principal fiber bundle over M whose group is a subgroup of Gi, 
and on the principal bundle Y 2 — > M determine the forms 9 n , A, and A 1 uniquely. 
(Recall that n = 2 so that Greek indices a, (3 run over the single integer 1.) We 
have to distinguish two cases. We shall begin by handling the most difficult case, 
which does not appear to be the generic one but which contains the tube over the 
light cone as given by Example 1.7. Observe in what follows that the condition 
tr h a p = 1 reduces to h\i = 1. To simplify the notation, we shall use the fact that 
gn = 1. Also, recall the invariant k defined by (2.34). 

3.1. Case 1: |/c(po)| = 2. Consider the formula in (2.35) for the coefficient k\ of 
uj 1 A 9 2 in d9 2 and rewrite it in the following form 

(3.1.1) k\ = k\ + 2ic\ — c\k . 

Since |/c(po)| = 2, it is not possible to solve the equation k\ = for c\ in a neigh- 
borhood of pq. Let us write 

(3.1.2) k = 2ire u , 

where r and t are real valued functions on Y\ which are constant on the fibers of 
Yi — > M. We shall seek c\ in the form 

(3.1.3) Cl = e lt / 2 ( Pl + ip 2 ), 

where pi, pi G R. Since r(po) = 1 we can choose p 2 uniquely so that 



L ■ i At 1 2 
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for some real valued function r' on Y\ which is constant on the fibers of Yi — > M. 
The function p 2 satisfies the same transformation rule as k\, i.e. 



(3.1.4) 



p 2 (p, ST)=u- 1 / 2 p 2 (p,T), 



for S,T E Gi and 5" of the form (2.6). We can express the above by saying that 
Im e~ lt l 2 c\ is uniquely determined by the condition 



(3.1.5) 



Re e~ it/2 ki = 0. 



Now, with Im e lt l 2 c\ determined by (3.1.5), the equation (2.45) implies that the 
function t\ v given by (2.31), is determined up to 

t'n - i\, - ( 2z Pl e^ 2 + s\ Pl e-^ 2 ) 
or equivalently, in view of Proposition 2.36 and (3.1.2), 

i\, - 2z [p x ^ 2 + \ k Pl e~^ 



(3.1.6) 



Let us write u 1 = e lt ^ 2 (x + iy). It follows from (2.44) that there is a submanifold 
Y 2 C Yi, which is defined (uniquely in view of (3.1.6)) by the equation 

(3.1.7) Re (e-^HU = 0. 



The manifold Y 2 can be viewed as a principal fiber bundle Y 2 
(?2 C Gi, where G 2 is defined by the equation 

(3.1.8) Im e -^(po)/2 M i = 

if we let G 2 act on Y 2 as follows 



M with group 














: ) 












e it(p )/2 x 
e -it( Po )/2 x 




Observe that the principal G 2 bundle Y 2 is a reduction of the principal G± bundle 
Y\ only if the phase function t is constant. By definition, we have i\ x = ir"e lt / 2 , 
for some real valued function r", on the bundle Y 2 . Hence, we can determine p\ 
uniquely in (3.1.6) so that 



to i i i ^ 
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on Y 2 . It follows from (2.44) and (3.1.6) that we have 

for S,T eG 2 and S of the form (2.6) with u 1 = e lt / 2 x and i6l. 
Thus, 6> 2 is determined on Y 2 up to 

(3.1.13) e 2 = e 2 +cu 

by (3.1.5) and (3.1.11). Observe that on Y 2 , where u 1 = e %t l 2 x for x E R, we have 

(3.1.14) k 1 =e it/2 t mod^w^wV 2 ,^ 

where £ is a real 1-form on Y 2 which is not uniquely determined. We can write the 
structure equation for du 1 on Y 2 as follows 

(3.1.15) du 1 = e it/2 i A u + -A A u 1 + h\u l A 9 2 + f V A 9 2 + s\6 2 A u 1 

+ ie^^ibuj 1 A oo + bu l A oo + e6 2 A u + e9 2 A u), 
for some functions b and e on Y 2 . Using (2.32) and (3.1.13), we obtain 

(3.1.16) div 1 = e it/2 i A u + -A A iv 1 + h\u l A 6 2 + flu 1 A 6 2 + s\f 2 A oo 1 

2 

+ ie^^ibu 1 A w + boo 1 A + e# 2 A u + e9 2 A u), 

where 

(3.1.17) 6 = b + \ Qae"^ 2 + c^e"^ 2 + c^e lt / 2 - crie""/ 2 ) 
and 

(3.1.18) \=i+\ (l(ae- u /W + ae^V) + csle'^W + c^e^W 

_ I (^"'V + chle-^u 1 + cfle-^u 1 + c*[e"/V) + gw. 

Here, (/ is an arbitrary real valued function on Y 2 , and a and c are as in (2.32) and 
(3.1.13) respectively. We deduce that £ is determined by the structure equation 
(3.1.16) up to transformations given by (3.1.18). Let us rewrite (3.1.17) and (3.1.18) 
using Proposition 2.36 and (3.1.2) as follows 

(3.1.19) b = b+ l -e~ u ' 2 (±a + i (r - 2) C + irA , 
and 

(3.1.20) £ = £+ ^e"^ 2 Qa + z (r + 2) C + w<) c^ 1 

+ le lt/2 (l-a - i (r + 2) C - ire] + Qu>, 
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where we have used the notation 

C = e~ u c. 

By (2.40), we have on Yi, 

dA = igi 1 (A 1 Aw 1 - A 1 Aw 1 ) + $Aw 

(3.1.21) _ _ ' 

= ^(A 1 A w 1 - A 1 A w 1 ) + $ A w, 

for some real 1-form on the second line of (3.1.21), we have used g\i = 1. Hence, 
on Y 2 we have, by (3.1.14), 

(3.1.22) dA = ie~ lt/2 i Aw 1 - ie it/2 £ A w 1 + * A w + *i A w 1 + * T A w 1 , 

for some 1-forms = *7 on Y 2 such that = modulo w 1 , w 1 , 6> 2 , 9 2 . 

Recall that A is determined up to transformations (2.32), 9 2 up to transformations 
(3.1.13), and £ up to transformations (3.1.20). Substituting in (3.1.22), we obtain 

dA = dA + da Aw + adu 

(3 1 23) 

= ie~' tl2 l Aw 1 - ie lt/2 i A w 1 + ifu 1 Aw 1 !... , 
where . . . signify the remaining terms in the expansion of dA and 

(3.1.24) /=/_ l a + iC _i£ 

for some real valued function / on F 2 - Hence, a is uniquely determined as a function 
of ( by the condition 

(3.1.25) 7 = 0, 
and we have 

(3.1.26) a = 2z(C-C)- 
In view of (3.1.3), (3.1.4), and (3.1.12), we have 

(3.1.27) da = e it/2 3 g mod A, w, w 1 , w 1 , 6> 2 , 6> 2 . 
It follows, by using (2.34), (3.1.20) and (3.1.24), that 

(3.1.28) d9 2 = e lt / 2 3 J A w 1 + mw 1 A w 1 + . . . , 
v ; 2(2 + r) 

where . . . signify the remaining terms in the expansion of d9 2 and m is given by 

3ie u (r + 1) ^ . 
m = m+ {( + ()+ 

(3-1.29) . ^ ' 

= m+ ,/ 6 , ^ ((7r + 11)C + 3(r + 1)C) 
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for some function m on Y 2 ; in the last line of (3.1.29), we have used c = e lt (. Since 
r(po) = 1, we can determine ( uniquely by the condition 



(3.1.30) 



m = 0. 



Let us summarize our efforts so far. We have determined A and 9 2 uniquely on 
Y 2 . The 1-form £ is determined up to 



(3.1.31) 



£ = £ + qu, 



for some real valued function q on Y 2 . We shall conclude the construction in this 
section by defining a unique choice of £. In view of (3.1.22), we have 

(3.1.32) dA = ie~ u/2 i Au 1 - ie ltj2 l A u 1 + lu 1 A to + h 1 A u + . . . , 
where 

(3.1.33) l = l + ie~ it/2 q 

for some function / on Y 2 . Hence, we may determine q uniquely by the condition 

(3.1.34) Im e !i/2 I = 0. 

The uniquely determined, linearly independent 1-forms 

(3.1.35) u, Re u 1 , Im u 1 , Re 6> 2 , Im 6 2 , A, £ 

on y 2 form a global co frame for T*Y 2 and, hence, define an absolute parallelism 
on Y 2 . The following result is a consequence of the construction above (see [G] or 
[CM]). We use the notation introduced previously, and also 



(3.1.36) 



/ a; \ 
Re uj 1 
Im uj 1 
,; := Re 9 2 
Im 9 2 
A 

V e / 

Theorem 3.1.37. Let M be a 5- dimensional CR manifold of hypersurface type 
which is 2-nondegenerate and Levi uniform of rank 1 at po G M . Suppose that 
\k{pa)\ = 2 and that an orientation is chosen for the Levi nullspace < Xt Po (as ex- 
plained in §2). Then, there exists a principal fiber bundle Y 2 — > M with a two 
dimensional structure group G 2 C GL(C 3 ) and a 1-form uj_ on Y 2 which defines 
an isomorphism between T y Y 2 and 1R 7 for every y G Y 2 and such that the follow- 
ing holds. Let M' be a 5-dimensional CR manifold of hypersurface type which is 
2-nondegenerate and Levi uniform of rank 1 at p' G M. Suppose that the invariant 
W(Po)\ = 2 (where corresponding objects for M' are denoted with ' ) and that an 
orientation is chosen for the Levi nullspace W p , . Then, if there exists a local CR 

JA-PC„„^ .^UA„^ -P. (H/T „ \ . iTKJl „/ \ ,„„ — 4-U „ .A J- — 7 T „„.„• 77„ ,„„ CY> 
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and 9tp/ , there exists a diffeomorphism F: Y 2 — > Y 2 with it' o F(tv 1 (po)) = {p' Q } 
such that F*u/_ = u and the following diagram commutes 

Y 2 — ^ Y{ 

(3.1.38) 

M ► M'. 

f 

Conversely, if there exists a diffeomorphism F: Y 2 — > Y" 2 ' ™^ 7r ' ° F(tv~ 1 (j>o)) = 
smc/i £/iai F*a/ = a;, i/ien i/iere exists a CR diffeomorphism f : (M,po) — > (M',p' Q ) 
preserving the oriented Levi nullspaces 9t Po and W p i , such that (3.1.38) commutes. 

The 1-formu is given by (3.1.36) and is uniquely determined by (3.1.5), (3.1.11), 
(3.1.25), (3.1.30), and (3.1.34). The group G 2 is defined by (3.1.10). 

3.2. Case 2: |fc(po)| 7^ 2. First, since |fc(po)| 7^ 2, there is a small neighborhood 
of po in M in which \k\ ^ 2. In this neighborhood, which we identify with M in 
this subsection, we can solve uniquely for c\ in the equation 

(3.2.1) &T = 0, 

where k\ is given by equation (3.1.1). Thus, c\ is uniquely determined by the 
condition (3.2.1), and hence 9 2 is determined up to transformations of the form 
(3.1.13) . Moreover, it follows from (2.44) that there exists a uniquely determined 
submanifold Y 3 C Y"i defined by 

(3.2.2) % = 0. 

The submanifold Y3 is a subbundle (a reduction) of the principal Gi-bundle Y\ with 
group G3, where G3 is the subgroup of G\ defined by 

(3.2.3) u 1 = 0. 

Thus, on Y" 3 we have A 1 = modulo u, cu 1 , u 1 , 6> 2 , 9 2 . It follows that the structure 
equation for dui 1 on Y 3 can be written 

(3.2.4) du 1 = jAAw 1 + h\u l A 6 2 + f X V A 9 2 + s{6 2 A iv 1 

+ 1 bu 1 Aw + 2 bu l A u + 1 e6 2 Au + 2 e6 2 A u, 

where 

(3.2.5) x ~b := x b - r\c + s\c + \a, 2 b:= 2 b-h\c 

for some functions 1 6, 2 6, 1 e, and 2 e on Y" 3 . We can determine c, and hence 6> 2 , 
uniquely on Y3 by the condition 
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We then determine a, and hence A, uniquely on Y" 3 by the condition 

(3.2.7) Re x b = 0. 

The uniquely determined 1-forms 

o>, Re uj 1 , Im ui 1 , Re 9 2 , Im 6> 2 , 

on Y3 form a global coframe for T*Y% and, hence, define an absolute parallelism on 
Y3. As in 3.1, we have the following result. We use the notation introduced above, 
and also 



(3.2.8) 



u> := 



( U ,\ 

Re uj 1 

Im uj 1 
Re 9 2 

Im e 2 

V A / 



Theorem 3.2.9. Let M be a 5- dimensional CR manifold of hyper surf ace type 
which is 2-nondegenerate and Levi uniform of rank 1 at po G M. Suppose that 
\k(po)\ 7^ 2 and that an orientation is chosen for the Levi nullspace 9I P0 (as ex- 
plained in §2J. Then, there exists a principal fiber bundle Y3 — > M with a one 
dimensional structure group G3 C GL(C 3 ) and a 1-form u on Y 3 which defines 
an isomorphism between T y Ys and 1R 6 for every y G I3 and such that the follow- 
ing holds. Let M' be a 5-dimensional CR manifold of hypersurface type which is 
2-nondegenerate and Levi uniform of rank 1 at p' G M . Suppose that the invariant 
W{po)\ 7^ 2 (where corresponding objects for M' are denoted with ' ) and that an 
orientation is chosen for the Levi nullspace 9^, . Then, if there exists a local CR 
diffeomorphism f : (M, po) — > (M',p' ) preserving the oriented Levi nullspaces 9t Po 
and *Jtp/ , there exists a diffeomorphism F: Y3 — > Y3 with it' o F(tt~ 1 (po)) = {p' } 
such that F*u/_ = u and the following diagram commutes 



(3.2.10) 



^3 



M 



-> M' . 



f 



Conversely, if there exists a diffeomorphism F : Y3 — > Y" 3 ' wit/i iv' o F {-k~ 1 (po)) = p' 
such that F*u/_ = uj_, then there exists a CR diffeomorphism f : (M, p ) — > (M',p' Q ) 
preserving the oriented Levi nullspaces 91^, and W pl , such that (3.2.10) commutes. 

The 1-form lv is given by (3.2.8) and is uniquely determined by (3.2.1), (3.2.6), 
and (3.2.7). The group G3 is defined by (3.2.3), and on Y3 (3.2.2) holds. 



4. A CURVATURE CHARACTERIZATION OF 
THE TUBE OVER THE LIGHT CONE IN C 3 



In this section, we shall continue to consider only the case n = 2. We shall 
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A, £?, etc. run over the set {1, 2} (i.e. {1, . . . , n} with n = 2) and instead let them 
run over the set {1, 2, 3}. We shall also use the convention that small Roman indices 
a, 6, etc. run over the set {0, 1, 2, 3}. 

Denote by T the light cone in M 3 , i.e. the zero locus of the quadratic form {x, x} 
where {•, •} denotes the bilinear form which in the standard coordinates of R 3 is 
given by 



(4.1) {x,y} := x 1 y 1 + x 2 y 2 - x i y i . 

We shall denote by Y<c the tube in C 3 over Y (as in Example 1.7). Hence, Tc is the 
zero locus of {Z, Z}c, where {z, w}c for complex vectors z, w G C 3 is defined by 

(4.2) {z,w}c ■= {Re z,Re w}. 

We shall call a frame for Fc a 4-tuple (Z , Zi, Z 2 , Z 3 ) of 4- vectors, where 

(4.3) Z = t(l,z ), Z A = (0,x A ), tel, z eC 3 , x A eR 3 , 
which satisfy the following conditions. The real vectors xi,X2,X3 G M 3 satisfy 



(4.4) 



{x u xx} = {x 3 ,x 3 } = {x u x 2 } = {x 2 ,x 3 } = 0, 
{x u x 3 } = -1, {x 2 ,x 2 } = 1 



and also, 

(4.5) Re tz = x\. 

Observe that the conditions (4.4) are equivalent to the fact that the (symmetric) 
matrix representation of the bilinear form {•, ■} relative to the basis xi, x 2 , x 3 is by 
the matrix A, where 

(4.6) A := 
We also write 

(4.7) A=(Aab). 

The set of all frames for Tc can be viewed as a real subgroup of the complex 
Lie group GL(C 4 ) as follows. If (Z , Z A ) is a given frame, then any other frame 
{Z' ,Z' A ) is obtained as 

( 4 - 8 ) i. Z 0i Z 'a) = ( Z 0, Z B ) ( (h B „,XB\_ S _-B uBh 




(fcf - vSf) + iv B k% 
where v, v B G R and the 3 x 3-matrix (k A ) satisfies 
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and also 



(4.10) 



det(fc£) = 1- 



We denote by H' the subgroup of GL(C 4 ) consisting of all matrices of the form 



which satisfy (4.9) and (4.10). We also denote by K the subgroup of GL(IR 3 ) which 
consists of (kg) satisfying (4.9) and (4.10). The group K is isomorphic to the Lorenz 
group 50(2, 1). Indeed, if O denote the orthogonal transformation for which O t AO 
equals the diagonal matrix with 1, 1, —1 on the diagonal, then K = 0(SO(2, l))O r . 

Note that (4.2), (4.4), and (4.5) imply that Zq, considered as the affine point 
zo G C 3 where Zq and zq are as in (4.3), can be viewed as a point on Tc- We 
denote by H' the subgroup of H' consisting of those matrices which preserve Zq as 
an affine point on Tc, i.e. the group of matrices of the form 



where (kg) G K with k^XA = vx±. A straightforward calculation shows that (kg) 
must be of the form 



for some a G M. Thus, the group of frames for Tc (which, given a fixed frame, 
can be identified with the group H' via (4.8)) is a principal fiber bundle P' — > Tc 
with group Hq. Let us now choose an orientation, as explained in §2, for the Levi 
nullbundle of Tc (which at a point Zq is spanned by x\) and denote by P the 
group of frames consistent with this orientation. Then, as is easily verified, P is 
isomorphic to the group H, where H is the subgroup of H' consisting of matrices of 
the form (4.11) with v > 0. If we also denote by Hq the subgroup of H' consisting 
of those matrices of the form (4.12) for which v > 0, then P — > M is a principal 
fiber bundle with group H . The reader should note that Tc has two connected 
components. This is reflected on the bundle P by the fact that the Lorenz group 
SO (2, 1) has two components. 

A choice for the 4 x 4-matrix IT = (tt%) of Maurer-Cartan forms for the group H 
is given by 



(4.11) 




(4.12) 




(4.13) 




(4.14) 



dZ a = n b a Z b . 



The Maurer-Cartan equations of structure then become 



(4.15) 



dir b a = n c a A n b c , 



which follows directly from differentiating (4.14). Due to the form (4.3) of the 

■C„„™„„ I <7 ry \ „.„ U„,. J„ . /„. __0 Pi „„ J J-l b „ „1 TD,. J^-ff 
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the defining equations (4.5) and using again these equations, we deduce that the 
3 x 3-matrix (7rf) (which is a Maurer-Cartan matrix for the group K) is given by 



7Ti 7T 



(4.16) 









4 



7Ti 

-ttJ 



for some real 1-forms 7r}, 7t|, 7r^. By differentiating Zo = u(l, zo), we obtain 
(4.17) 

Thus, by equation (4.5), we have 
(4.18) 

and hence, using also (4.14), 



dv dv 
dZ = — (v, vz ) + v(0, dz ) = — Z + (0, vdz ). 

V V 



—x\ H — {vdzQ + vdz ) = dx\. 
v 2 



(4.19) 



1 



{h£ + it£)x a 



A dv A 
n 1 d 1 

v 



X A - 



Using (4.16), we obtain the equations 



(4.20) 



1 



The last formula in (4.20) implies that txq is a purely imaginary form. The matrix 
of 1-forms IT = (ir%) is valued in the Lie algebra t) of H, and if we change frame 
using (4.8) then the corresponding matrix of 1-forms IT' for the new frame (Zq, Z' A ) 
is related to IT by 



(4.21) 



IT = ad (SUr 1 )!! := Tl^UM, 



where DJl is the matrix given by (4.11). It follows that IT is a Cartan connection on 
P with group H (see e.g. [K, Chapter IV] and also [CM]), which is flat (i.e. with 
vanishing curvature form) by (4.15). 

Let us relate the above to the results in previous sections. It is straightforward 
to verify that we can set 



(4.22) 



03 = "2^° 



U = 2^° 
9 "IT 



1 



A = 7r° + 7r 1 1 = 27r°+-(7r^+4) 
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for the forms given by Theorem 3.1.37. Indeed, using (4.15) and (4.20), we obtain 
the equations 

' dui = A A uj + iuj 1 A uj 1 

duj 1 = £ A uj + }rA A uj 1 - iuj 1 A 9 2 + i9 2 A uj 1 ) + uj 1 A 9 2 



(4.23) 



d9 2 = -£Auj 1 + 2i9 2 A e 2 
2 

dA = ii A uj 1 - ii A uj 1 
dt = ~(A + 2i6 2 -2ie 2 )A^ 

which satisfy the conditions of Theorem 3.1.37. Note that the invariant k, defined 
in section 3, satisfies k = 2i. Thus, in what follows, the phase function t and the 
modulus r as defined by (3.1.2), are identically 1. 

Recall that the group of frames is a principal fiber bundle P — > Tc with group 
H . For any 91 G -f/o, where VI <E H is given by (4.12) and (kg) by (4.13), a change 
of frame (Zq, Z' a ) = (Z , Z B )y\ results in the change of connection form 



(4.24) 



n' = ad (m _1 )n 



7Tr 







iB A iBuC A 
""A O t A li D n C 



where (Z^) denotes the inverse of (kg). Using (4.22) and calculating the inverse of 
(&rf) given by (4.13), we deduce that (4.24) yields the corresponding transformation 



(4.25) 



uj' = v 2 uj 



(uj 1 )' = —avuj + vuj 1 

(e 2 y = -a 2 u--au 1 + e 2 

4 2 
A' = iav' 1 ^ 1 - uj 1 ) + A 

£'= -io'v-^uj 1 -uj 1 ) -iav-\9 



In particular, we obtain 

(4.26) 

where 
(4.27) 







((V 


i-I 







u 



X 



iav~ 


-\e 2 



















9 2 ) - -av^A + v- 1 ^ 



n = u , a; = — ai>. 



Hence, we have defined an isomorphism 4>: H Q 
section 3.1 with t = 1, defined by 



(4.28) 



\ 

Ova \a 2 v~ x ' 
1 av' 1 



G 2 , where G 2 is as defined in 







—av v 
—av v 
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Let M be any 5-dimensional CR manifold of hypersurface type which satisfies the 
conditions in Theorem 3.1.37. Furthermore, we assume that the invariant k = 2i 
in a neighborhood of pq. Let uj, u 1 , 9 2 , A, £ be the forms given by Theorem 3.1.37 
such that u is given by (3.1.36). Define the h- valued 1-form IT = (71^) by 



(4.29) 



n := 











\ 


^0 




A 












A 


W 3 







-*0 



where 



„o 1 2 3 1 2 1 
"0 1 "0 5 "0 5 "0 1 71 1 1 71 1 1 "2 > 



are obtained by solving (4.22), using also the first two equation of (4.20). Clearly, LT 
defines an isomorphism between T y Y2, where Y2 — > M is the principal bundle given 
by Theorem 3.1.37, and f) for every y G Y2. However, it is not difficult to verify 
that LT is in general not a Cartan connection, i.e. it does not transform according 
to (4.21). Nevertheless, by defining the curvature 



(4.30) 



o = <in — n a n, 



a direct consequence of Cartan's solution of the equivalence problem for {1}- struc- 
tures (see e.g. [G]) is the following characterization of the tube over the light cone. 

Theorem 4.31. Let M be a 5-dimensional real-analytic CR manifold of hypersur- 
face type which is 2-nondegenerate and Levi uniform of rank 1 at p G M. Assume 
that k = 2%. Choose an orientation for the Levi nullspace 9t Po (as explained in §2), 
and denote byY 2 ^M the principal bundle with 1-form u_ given by Theorem 3.1.37. 
Then, the ^-valued 1-form IT defined by (4.29), where 



(4.32) 



7Tn := 



7Ti 



7Tn 



7Tn 



7Tn 



7Ti 



7T, 



^(A-2z6> 2 + 2z6> 5 ) 

i(A + 2*6> 2 -2z6> 2 ) 

4z# 2 
2ZW 1 
2zcj 



and u is given by (3.1.36), defines an isomorphism T y Y 2 = f) /or every n G Y 2 , 
with the following property. There exists a local real-analytic CR diffeomorphism 
f : M — > Tc near po «^ on/y z/ £/ie curvature O oz'uen 6y (4.30) vanishes identi- 
cally. 

We conclude the discussion of the tube over the light cone by computing the 
dimension of the stability group Aut(rc,p ) of Tc at a point po G T^. Observe 
that, given a frame (Zq, Z a) in P, the manifold Tc can be viewed as the quotient 



TJ r~j zj j„j u„ (a o\ 
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point on Tc corresponding to Z Q by po- Then, under the identification Tc = H/H , 
Po corresponds to the coset eH 0: where e E H denotes the identity matrix. The 
group Hq acts on the left on H/Hq and each homomorphism aHo i— > baHo, for 
b G Hq, preserves the point po = eHo- It is straightforward to verify that the action 
is effective; i.e. if, for b G Hq, the homomorphism aHo i— > baHo is the identity, then 
b = e. Let us denote by (TcPo) - ► (TcPo) the mapping corresponding to the 
homomorphism aHo \— > baHo- Each is a CR diffeomorphism. (Indeed, it is not 
difficult to compute fb in coordinates and see that fb is induced by an invertible 
linear transformation of C 3 .) Thus, b ^ fb embeds H as a subgroup of Aut(Tc,2?o)- 
Since dimH = 2, we conclude that dimAut(Tc,£>o) > 2. On the other hand, by 
Theorem 3.1.37 and [K, Theorem 3.2], it follows (as in the introduction) that the 
subgroup of Aut(r<c,po) consisting of those CR diffeomorphisms that preserve the 
orientation of the Levi nullspace chosen above embeds as a closed submanifold of 
P po ^ H G . Hence, we have dimAut(rc, Po) = 2. 

5. Concluding remarks; the higher dimensional case 

Let us briefly return to the situation in section 2, i.e. M is a smooth CR manifold 
(of hypersurface type and dimension 2n + 1) which is Levi uniform of rank n — 1 at 
Po- We also assume that M satisfies Condition 2.21 and 2.25 (which in particular 
imply that M is pseudoconvex and 2-nondegenerate at po). As in section 3, we 
consider equation (2.35) which, in view of (2.13), can be rewritten as follows 

(5.1) kfi = kfi -\- 2ig c u ha,fi c^k. 
Now, using (2.29) we deduce that 

(5.2) kji = kji + 2zc^A^ c^k. 

Thus, either |/c(f»o)| 7^ 2A^ for [i = 1,2, ... ,n— 1, or |fc(po)| 2A^ for some 
Ho G {1, 2, . . . , n — 1}. In the first case, we can solve for each in the equation 
kp_ = and proceed as in section 3.2 to construct a principal bundle P — > M with 
1-form lu reducing the CR structure on M to a parallelism. In the latter case, we 
can solve for in the equation k^ = for all ft ^ ^q. We then proceed as in in 
section 3.1 to determine c^ and construct the bundle P —> M with 1-form u. We 
do not give the details here. Conditions 2.21 and 2.25 do not appear to be natural 
when n > 3. (Recall, however, that these two conditions reduce to 2-nondegeneracy 
and Levi uniformity when n = 2.) In particular, the tube over the light cone in 
C n+1 , n > 3, does not satisfy these conditions. 
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